We have three goals in this article. The first is to provide a rather simple (but somehow overlooked) proof of Perrin-Riou's conjecture (under very mild hypotheses) on the nonvanishing of the p-adic Beilinson-Kato class associated to an elliptic curve E /Q , when E has ordinary (i.e., good ordinary or multiplicative) or supersingular reduction at p. This generalizes the forthcoming work of Bertolini and Darmon for a good ordinary prime p and of Venerucci for a split multiplicative prime p. In the supersingular case, we provide an explicit formula for a point of infinite order on E(Q) in terms of the special values of the two p-adic L-functions (attached to two p-stabilizations of the associated eigenform). Note that a similar formula was provided by Kurihara and Pollack assuming the truth of the p-adic Birch and Swinnerton-Dyer conjecture; our result here is unconditional.
Summary of Contents and Background
We have three goals in this article. The first is to provide a rather simple (but somehow overlooked) proof of Perrin-Riou's conjecture (under very mild hypotheses) on the nonvanishing of the p-adic Beilinson-Kato class associated to an elliptic curve E /Q , when E has ordinary (i.e., good ordinary or multiplicative) or supersingular reduction at p. This generalizes the forthcoming work of Bertolini and Darmon for a good ordinary prime p and of Venerucci for a split multiplicative prime p. In the supersingular case, we provide an explicit formula for a point of infinite order on E(Q) in terms of the special values of the two p-adic L-functions (attached to two p-stabilizations of the associated eigenform). Note that a similar formula was provided by Kurihara and Pollack assuming the truth of the p-adic Birch and Swinnerton-Dyer conjecture; our result here is unconditional.
As a side benefit (which was our initial motivation to release the first portion of this note), we remark that these results (in the case of multiplicative reduction) render our previous work [Büy14b] on the Mazur-Tate-Teitelbaum conjecture fully self-contained and in some sense, they simplify the proof of the main results therein: The results here allow us to by-pass the need to appeal to a two-variable exceptional zero formulea, as considered in [Ven15] .
In the second part of this article (Section 3), we first recast this approach relying on the theory of Λ-adic Kolyvagin systems. We explain how this yields a proof of an extension of Perrin-Riou conjecture concerning the non-vanishing of the p-distinguished twists of Beilinson-Flach elements (Corollary 3.19).
In the third and final portion of this note, we generalize Rubin's work on rational points on CM elliptic curves to higher dimensional CM abelian varieties (c.f.Theorem 3.38 in the main text) and establish a precise link between what we call the ColemanRubin-Stark elements associated to a general class of CM abelian varieties and Heegner points on them.
Part I. Perrin-Riou's conjecture for Beilinson-Kato elements. Let E be an elliptic curve defined over Q and let N denote its conductor. Fix a prime p > 3 and let S denote the set consisting of all rational primes dividing Np and the archimedean place. In this set up, Kato [Kat04] has constructed an Euler system c BK = {c BK F } where F runs through abelian extensions of Q, c BK F ∈ H 1 (F, T p (E)) is unramified away from the primes dividing Np and T p (E) is the p-adic Tate module of E. Kato's explicit reciprocity laws show that the class c BK Q ∈ H 1 (Q, T p (E)) is non-crystalline at p (and in particular, non-zero) precisely when L(E/Q, 1) = 0, where L(E/Q, s) is the Hasse-Weil L-function of E. Perrin-Riou in [PR93, §3.3 .2] predicts the following assertion to hold true. Let res p : H 1 (G Q,S , T ) → H 1 (Q p , T ) denote the restriction map.
Conjecture 1.1. The class res p c BK Q ∈ H 1 (Q p , T p (E)) is non-torsion if and only if L(E/Q, s) has at most a simple zero at s = 1. This is the conjecture we address in this article. Our main result is the following: Theorem 1.2. Suppose that E is an elliptic curve such that the residual representation
is surjective. Then the "if" part of Perrin-Riou's Conjecture 1.1 holds true in the following cases:
(a) E has good ordinary reduction at p.
(b) E has good supersingular reduction at p and N is square-free.
(c) E has multiplicative reduction at p and there exists a prime ℓ || N such that there ρ E is ramified at ℓ.
As per the "only if" direction, one may deduce the following as a rather straightforward consequence of the recent results due to Skinner, Skinner-Zhang and Venerucci in the case of p-ordinary reduction and due to Kobayashi and Wan in the case of p-supersingular reduction. We state it here for the sake of completeness. Theorem 1.3. In the situation of Theorem 1.2, the "only if " part of Perrin-Riou's conjecture holds true for all cases (a), (b) and (c) if we further assume:
• in the case of (a), that N is square free and either E has non-split multiplicative reduction at one odd prime or split multiplicative reduction at two odd primes; • in the case of (c) and when E non-split-multiplicative reduction at p that -p does not divide ord p (∆ E ), -for all primes ℓ || N such that ℓ ≡ ±1 mod p, the prime p does not divide ord ℓ (∆ E ), -there exists at least two prime factors ℓ || N such that p does not divide ord ℓ (∆ E ).
We remark that in the situation of (a), the hypotheses in Theorem 1.3 may be slightly altered if we relied on the work of Zhang [Zha14, Theorem 1.3] on the converse of the Gross-Zagier-Kolyvagin theorem, in place of the work of Skinner. This on one hand would allow us to relax the condition on the conductor N, on the other hand would force us to introduce additional hypothesis (see Theorem 1.1 of loc.cit).
In a variety of cases, we will be able refine Theorem 1.2 and deduce that the square of the logarithm of a suitable Heegner point agrees with the logarithm of the BeilinsonKato class BK 1 up to an explicit non-zero algebraic factor. This will justify some of the hypothetical conclusions in [PR93, §3.3.3] . We record here the following three results (in the cases when E has good supersingular or bad non-split multiplicative reduction at p) that we are able to prove. For a detailed discussion 1 and proofs, we refer the reader to Section 2.3. Theorem 1.4. Suppose that E has good supersingular reduction at p and verifies the hypotheses of Theorem 1.2, as well as that its conductor N is square-free. Then, log E (res p (BK 1 )) = −(1 − 1/α)(1 − 1/β) · C(E) · log E (res p (P )) 2 for a suitably chosen Heegner point P ∈ E(Q), where log E stands for the coordinate of the Bloch-Kato logarithm associated to E with respect to a suitably normalized Néron differential on E and C(E) ∈ Q × is given in (2.3).
This is Theorem 2.4 below and its proof relies on the tecniques developed in [Ben14a, Ben14b, BB15] , which altogether refine the discussion in [PR93, §3.3 .3]. Theorem 1.4 combined with Perrin-Riou's analysis in [PR93, §2.2.2] yields the following result which allows us to determine a global point in terms of the special values of the associated p-adic L-functions and validates formula 3.3.4 of [PR93] . Let ω α , ω β ∈ D cris (V ) denote the canonical elements given as in Section 2.3.1. We set δ E := [ω β , ω α ]/C(E), where 
is a Q-rational point on E of infinite order.
See [KP07, Section 2.7] (and of course, Perrin-Riou's article [PR93] ) for a similar formula which is only verified assuming the truth of the p-adic Birch and SwinnertonDyer conjecture. We instead rely on a Rubin-style formula that we are able to prove using the technology developed in [Ben14a, BB15] and the Gross-Zagier formulae of [GZ86, Kob13] . Theorem 1.6. Suppose that E is an elliptic curve with non-split-multiplicative reduction at p and verifies the hypotheses of Theorem 1.2, also that there exists a prime ℓ || N such that there ρ E is ramified at ℓ. Assume that r an = 1 and further that Nekovář's p-adic height pairing associated to the canonical splitting of the Hodge-filtration on the semistable Dieudonné module D st (V ) is non-vanishing. Then,
where P is any generator of E(Q)/E(Q) tor .
Remark 1.7. Bertolini and Darmon have announced that in their future work [BD15a] , they will prove a result similar to Theorems 1.4 and 1.6 in the situation of (a). Also, using somewhat different techniques then those of [BD15a] , Venerucci [Ven15] gave a proof of the result above, when E has split multiplicative reduction at p. Our approach in this article not only offers a uniform treatment of Perrin-Riou's Conjecture in either of the settings (a)-(c) above, it also allows us to handle primes of non-split-multiplicative and supersingular reduction. Concerning Theorems 1.4 and 1.6, we would like to underline 2 a common key feature of the three approaches (in [BD15a, Ven15] and the original approach of Perrin-Riou that we take as a base here) towards it, despite their apparent differences: All three works make crucial use of a suitable p-adic Gross-Zagier formula, allowing the comparison of Heegner points with Beilinson-Kato elements. For the approach in [BD15a] , this formula is provided by [BDP13] (where the relevant p-adic Gross-Zagier formula is proved by exploiting Waldspurger's formula and it resembles Katz's proof of the p-adic Kronecker limit formula) and for Venerucci's approach in [Ven15] , it is provided by [BD07] (where the authors use Hida deformations and the Čerednik-Drinfeld uniformization of Shimura curves). In our approach towards Theorem 1.6 here, we rely on the p-adic Gross-Zagier formulae of Perrin-Riou [PR87b] in the situation of (a), of Kobayashi [Kob13] in the situation of (b) and the recent work of Disegni [Dis15b] when E has non-split-multiplicative reduction at p. Remark 1.8. Our arguments here easily adapt to treat also higher weight eigenforms; however, our conclusion in that situation is not as satisfactory as in the case of elliptic curves. For this reason, here we shall only provide a brief overview of our results towards Perrin-Riou's conjecture in that level of generality. We say that a Galois representation V (with coefficients in a finite extension K of Q p ) is essentially self-dual if it has a self-dual Tate-twist V (r) and we say that an elliptic eigenform f (of even weight 2k and level N, with N coprime to p) is essentially self-dual if Deligne's representation W f associated to f is. In this case, we set V f = W f (k); this is necessarily the self-dual twist of W f . Fix a Galois-stable o K -lattice T f contained in V f and let k denote the residue field of o K . We will set ρ f : G Q,S → GL(T f ) (where S is the set consisting of all rational primes dividing Np and the archimedean place) and ρ f := ρ f ⊗ k. If the conditions that
is the image of the Bloch-Kato exponential map exp V f and H 1 f (Q, V f ) is the Bloch-Kato Selmer group. Note in particular that the main result of [BB15] towards Perrin-Riou's conjecture for p-non-crystalline semistable modular forms escapes the methods of the current article.
Part II. Λ-adic Kolyvagin systems, Beilinson-Flach elements and ColemanRubin-Stark elements. The general theory of Λ-adic Kolyvagin systems yields a relatively simple criterion to verify the Perrin-Riou conjecture in a great level of generality. This is the content of our Theorem 3.14 below. Combined with the work of Wan [Wan14a] and Howard [How04, How09] , it yields a fast proof of the following statement (which is Corollary 3.19 in the main body of this note): Theorem 1.9. Let E/Q be a non-CM elliptic curve that has good ordinary reduction at p and assume that the residual representation ρ E is absolutely irreducible. Let K/Q be an imaginary quadratic extension that satisfies the weak Heegner hypothesis for E and where p splits completely. Suppose further that p does not divide ord ℓ (j(E)) whenever ℓ is a prime of split multiplicative reduction. If the twisted L-function L(E/K, α, s) associated to the base change of E/K and a p-distinguished character α vanishes at s = 1 to exact order 1, then the corresponding Beilinson-Flach element
The view point offered by the theory of Λ-adic Kolyvagin systems enables us to address similar problems concerning a CM abelian variety A of dimension g. In this situation, a slightly stronger version of Rubin-Stark conjectures equips us with a rank-g Euler system. Making use of Perin-Riou's extended logarithm maps and the methods of [Büy14a, BL15a] , we may obtain Kolyvagin systems (Theorem 3.23) out of these classes (that we call the Coleman-Rubin-Stark Kolyvagin systems), with which we may apply Theorem 3.14. Our Explicit Reciprocity Conjecture 3.32 for these classes is a natural generalization of the Coates-Wiles explicit reciprocity law for elliptic units, and predicts in a rather precise manner how the conjectural Rubin-Stark elements should be related to the Hecke L-values attached to the CM abelian variety A.
All this combined with the results of [Büy14a] allows us to prove Theorem 1.10 below, which establishes an explicit link between the Coleman-Rubin-Stark elements and Heegner points. Let A be an abelian variety which has complex multiplication by an order of a CM field K whose index in the maximal order is prime to p and defined over the maximal totally real subfield K + of K. We assume that A has good ordinary reduction at every prime above p, that the prime p is unramified in K + /Q and that A verifies the non-anomaly hypothesis (3.1) at p. One may than associate A a Hilbert modular CM form φ on Res K + /Q GL 2 of weight 2. See Section 3.4 for a detailed discussion of these objects.
We will assume that there exists a degree one prime of K + above p (however, it should be possible to get around of this assumption with more work). Let , denote the p-adic height pairing introduced in Definition 3.34 and assume that it is non-zero. Denote by C the Coleman-Rubin-Stark element associated to the CM form φ (that is given as in Definition 3.24). Theorem 1.10. If the Hecke L-series of the associated to CM form φ vanishes to exact order 1 at s = 1, then the Coleman-Rubin-Stark class C is non-trivial and we have
where P φ is a Heegner point on A and log ω * is a Bloch-Kato logarithm.
See Theorem 3.38 below for a more precise version of this statement. We remark that Burungale and Disegni [BD15b] recently proved the generic non-triviality of p-adic heights. Relying on this result, one may generically by-pass this hypothesis for the twisted variants of Theorem 1.10. Remark 1.11. We were informed by D. Disegni that in a future version of [BD15b] , the authors will be proving a complementary version of the formula in Theorem 1.10, which will express the right hand side in terms of the special values of a suitable p-adic L-function.
1.1. Notation. For a number field K, we define K S to be the maximal extension of K unramified outside a finite set of places S of K that contains all archimedean places as well as all those lying above p. Set G K,S := Gal(K S /K).
Let p ∞ denote the p-power roots of unity. For a complete local noetherian Z p -algebra R and an R[[G Q,S ]]-module X which is free of finite rank over R, we define X * := Hom(X, p ∞ ) and refer to it as the Cartier dual of X. For any ideal I of R, we denote by X[I] the R-submodule of X killed by all elements of I.
Let A/K be an abelian variety of dimension g which has good reduction outside S. We let T p (A) denote the p-adic Tate-module of A; this is a free Z p -module of rank 2g which is endowed with a continuous G K,S -action. We define the cyclotomic deformation
is the Galois group of the cyclotomic Z p -extension K cyc /k) is the cyclotomic Iwasawa algebra. We let K n /K denote the unique subextension of K cyc /K of degree p n (and Galois group Γ n := Γ/Γ p n ∼ = Z/p n Z). When K = Q, we write Q ∞ in place of Q cyc .
In the first part of this article the number field K will be Q whereas in the second part, it will be either a more general totally real field or a CM field. In Part II, we will also work with a general continuous G K -representation T which unramified outside S and which is free of finite rank over a finite flat extension o of Z p . We will denote by L the field of fractions of o and by T the G K,S -representation T ⊗ Λ.
Fix a topological generator γ of Γ. We will denote by pr 0 the augmentation map Λ → Z p (which induced from γ → 1) and by slight abuse, also any map induced by it.
1.1.1. Selmer structures. Given a general Galois representation T, we let F Λ denote the canonical Selmer structure on T defined by setting H
In the notation of [MR04, Definition 2.1.1] we have Σ(F ) = S for each of the Selmer structures above. Definition 1.12. For every prime λ of K, there is the perfect local Tate pairing
where. For a Selmer structure F on X, define the dual Selmer structure F * on X * by setting Let us denote the order of vanishing of the Hasse-Weil L-function L(E/Q, s) by r an and call it the analytic rank of E.
2.1. Preliminaries. We first explain the proof of the "only if" part of Perrin-Riou's conjecture (Theorem 1.3). Its proof involves some of the reduction steps we rely on for the proof of the "if" part of the conjecture and we pin these down also in this portion of our article. 
Kato's explicit reciprocity law shows that r an = 0. We may therefore assume without loss of generality that BK 1 is crystalline at p, namely that
is finite. Recall that F str denotes the Selmer structure on T given by
is torsion free under our running hypothesis on the image of ρ E , this amounts to saying that H 1 Fstr (Q, T ) has positive rank. Recall further that the propagation of the Selmer structure F str to the quotients T /p n T (in the sense of [MR04] 
induced from the projection T → T /p n T . This shows that
As above, we let F can = F 1 denote the canonical Selmer structure on T , given by 
for every ℓ. Here, E[p n ] is identified with T on the left and with T * [p n ] on the right and also viewed as a submodule of T ⊗ Q p /Z p ). Furthermore, the index of
is bounded independently of n (in fact, bounded by the order of
). This in turn shows that together with (2.1) that
is finite and therefore the length of
(where the isomorphism is thanks to [MR04, Lemma 3.5.3], which holds true here owing to our assumption on the image of ρ E ) is bounded independently of n. This contradicts (2.2) and shows that H 1 Fstr (Q, T ) = 0. Thence, the map
is free of rank one and we conclude that H 1 f (Q, T ) has also rank one. When we are in the situation of (a) or (c), the proof now follows from the converse of the Kolyvagin-Gross-Zagier theorem proved in [Ski14a, SZ14] . In the situation of (b), it follows from the works Kobayashi [Kob13] and Wan [Wan14b] that a suitable Heegner point P ∈ E(Q) is non-trivial. This in turn implies (relying on the classical Gross-Zagier formula) that r an = 1, as desired.
Proof. If r an = 0, it follows that res s p (BK) and in particular that BK 1 = 0. The conclusion of the proposition follows from [MR04, Corollary 5.2.13(i)]. Suppose now that r an = 1. In this case,
where the second equality follows from the finiteness of the Tate-Shafarevich group [Kol90] and the final equality by the Gross-Zagier theorem. As in the proof of Theorem 1.3, we may use this conclusion to deduce that the order of
is bounded independently of n. The proof follows.
2.2.
Main conjectures and Perrin-Riou's conjecture. We recall in this section Kato's formulation of the Iwasawa main conjecture for the elliptic curve E and record results towards this conjecture. It follows from Kato's reciprocity laws and Rohrlich's [Roh84] non-vanishing theorems that the class BK 1 is non-vanishing and the Λ-module H 1 (Q, T) is of rank one (as it was predicted by the weak Leopoldt conjecture for E).
For two ideals I, J ⊂ Λ, we write I J to mean that I = p e J for some integer e.
This assertion is equivalent (via Kato's reciprocity laws, and up to powers of p) to the classical formulation of Iwasawa main conjecture for E. Theorem 2.3. In the setting of Theorem 1.2, Conjecture 2.2 holds true in the following cases:
Proof. In the setting of (a), see the works of Kato and Skinner-Urban [Kat04, SU14] (as well as the enhancement of the latter due to Wan [Wan15] , that lifts certain local hypothesis of Skinner and Urban) and in the situation of (b), the works of Kobayashi and Wan [Kob03, Wan14b] . In the setting of (c), the works of Skinner and Kato [Ski14b, Kat04] yields the desired conclusion. Note that Kato has stated his divisibility result towards Conjecture 2.2 only when E has good ordinary reduction at p. We refer the reader to [Rub98] for the slightly more general version of his theorem required to treat the non-crystalline semistable case as well.
Proof of Theorem 1.2. The natural map
has finite kernel and cokernel by the proof of Proposition 5.3.14 of [MR04] (applied with the height one prime P = (γ − 1)). We note that the requirement on the Λ-module
is not necessary for the portion of this proposition concerning us. We further remark that since
is pseudo-null and the proposition indeed applies. It follows from Proposition 2.1 that
, and by Theorem 2.3 that it is also prime to char (H 1 (Q, T)/Λ · BK 1 ). This tells us that 2.3. Logarithms of Heegner points and Beilinson-Kato classes. As before, we suppose that E is an elliptic curve such that the residual representation ρ E Kolyvagin and is surjective. Assume further that p does not divide ord ℓ (j(E)) whenever ℓ | N is a prime of split multiplicative reduction. Assume also that one of the following conditions hold true.
(a) E has good ordinary reduction at p. (b) E has good supersingular reduction at p and N is square-free. (c) E has multiplicative reduction at p and there exists a prime ℓ || N such that there ρ E is ramified at ℓ. With this set up, we will be able refine the conclusion of Theorem 1.2 in a variety of cases and deduce that the square of the logarithm of a suitable Heegner point agrees with the logarithm of the Beilinson-Kato class BK 1 up to an explicit non-zero algebraic factor. In these cases, we will therefore justify some of the hypothetical conclusions in [PR93, §3.3 .3].
We fix a Weierstrass minimal model E /Z of E. Let ω E be a Néron differential that is normalized as in [PR95, §3.4 ] and is such that we have Ω
Suppose till the end of this Introduction that L(E, s) has a simple zero at s = 1. In this situation, E(Q) has rank one and the Néron-Tate height P, P ∞ of any generator P of the free part of E(Q) is related via the Gross-Zagier theorem to the first derivative of L(E, s) at s = 1:
be the crystalline Dieudonné module of V and we define the element ω cris ∈ D cris (V ) as that corresponds ω E under the comparison isomorphism. We let H ⊂ Λ ⊗ Zp Q p denote Perrin-Riou's ring of distributions and let
be Perrin-Riou's extended logarithm map and write L BK as a shorthand for the element
We also let
denote Bloch-Kato logarithm.
2.3.1. E has good reduction at p. In this case, D cris (V ) is a two dimensional vector space. Let α −1 , β −1 ∈ Q p be the eigenvalues of the crystalline Frobenius ϕ acting on D cris (V ). Extending the base field if necessary, let D α and D β denote corresponding eigenspaces.
Theorem 2.4. Suppose that E has good supersingular reduction at p and N is squarefree. For ? = α, β, (i) the Amice transform of the distribution L BK,? is the Manin-Vishik, Amice-Velu p-adic L-function L p,? (E/Q, s) associated to the pair (E, D ? ); (ii) when r an = 1, one of the two p-adic L-functions vanishes at s = 1 to degree 1; (iii) still when r an = 1, at least one of the associated p-adic height pairings , p,? is non-degenerate,
Note that the quantity
Proof. The first assertion is due to Kato 3 , see [Kat04] . It follows from [PR93, Proposition 2.2.2] and Theorem 1.2 that L ′ BK (1) = 0. Thence, for at least one of α or β (say it is α) we have ord s=1 L p,α (E/Q, s) = 1 . This completes the proof of the second assertion. The third follows from the p-adic Gross-Zagier formula of Kobayashi in [Kob13] . We will deduce the last portion from the discussion in [PR93, §3.3.3], as enhanced by Benois [Ben14b, Ben14a] building the work of Pottharst, combined with Kobayashi's p-adic Gross-Zagier formula.
Let ω cris and ω α , ω β be as above. Let us write Log V,α ∈ Hom Λ (H 1 (Q, T), H) for the ω α -coordinate of the projection of the image of Log V parallel to D β . We likewise define Log V,β ; note that
note that with our choice of ω, we have log ω * = log E . The dual basis of {ω α , ω β } with respect to the pairing
respectively, under the inverse of s Dα ). Suppose that α is such that , p,α is non-degenerate. Then,
where the first equality is Kobayashi's formula and the second will follow from the definition of Log V,α and the fact that it maps to Beilinson-Kato class to the Amice-Velu, Manin-Vishik distribution as soon as we define the derivative ∂BK 1 of the Beilinson-Kato class; we take care of this at the very end. The third equality will also from the explicit reciprocity laws of Perrin-Riou (as proved by Colmez) (c.f., the discussion in [BL15b, Section 2.1]) once we define projection ∂BK 1 ∈ H 1 s (Q p , V ) of the derived Beilinson-Kato class ∂BK 1 . Fourth and fifth equalities follow from definitions (and using the fact that αβ = p). We now explain (2.5) together with the definitions of the objects ∂BK 1 and 
Furthermore, we have an exact sequence
and we set Res
It turns also that we have the following commutative diagram:
and as a matter of fact, this element is uniquely determined in our set up. Berger's reinterpretation of the Perrin-Riou map Log V,α shows that it factors through π /f and therefore also that
as we have claimed in (2.4). The element Using now the fact that ·, · p,α and log ω * (res p ( · )) 2 are both non-trivial quadratic forms on the one dimensional Q p -vector space E(Q) ⊗ Q p and combining with (2.5), we conclude that
Remark 2.5. Much of what we have recorded above for a supersingular prime p applies verbatim for a good ordinary prime as well. Suppose that α is the root of the Hecke polynomial which is a p-adic unit, so that v p (β) = 1. In this case, we again have two padic L-functions: The projection of L BK to D α yields the Mazur-Tate-Teitelbaum p-adic L-function L p,α (E/Q, s), whereas its projection to D β should agree 4 with the critical slope p-adic L-function L p,β (E/Q, s) of Bellaïche and Pollack-Stevens. The analogous statements to those in Theorem 2.4 therefore reduces to check that one of the following holds true: a) There exists a p-adic Gross-Zagier formula for the critical slope
We suspect that the latter statement may be studied through a critical slope main conjecture and its relation with the ordinary main conjecture. We will pursue this direction in a future work.
2.3.2. E has non-split-multiplicative reduction at p. In this case, D cris (V ) is one-dimensional and we have L BK = L MTT · ω cris , where L MTT ∈ Λ is the Mazur-Tate-Teitelbaum measure. The following is a consequence of the p-adic Gross-Zagier formula (c.f., [Dis15b] ), the Rubin-style formula proved in [Büy14b] and our main Theorem 1.2: Theorem 2.6. Suppose that Nekovář's p-adic height pairing associated to the canonical splitting of the Hodge-filtration on the semi-stable Dieudonné module
Remark 2.7. Our argument so far easily adapt to prove that analogous conclusions hold true for a essentially self-dual elliptic modular form f which verifies the hypotheses of Remark 1.8 and for which the natural map
Here, V f is the self-dual twist of Deligne's representation, as in Remark 1.8. In this section, we recast the proof of Theorem 1.2 in terms of the theory of Λ-adic Kolyvagin systems (and in great generality), with the hope that it will provide us with further insights to analyse the analogs of Perrin-Riou's predictions in other situations.
3.1. The set up. Let M denote a self-dual motive over either a totally real or CM number field K with coefficients in a number field L. Let L(M , s) denote its L-function and write r an (M ) for its order of vanishing at the central critical point (which is a quantity conditional on the expected functional equation and analytic continuation). Let V denote its p-adic realization (which a finite finite vector space over E (a completion of L at a prime above p) endowed with a continuous G K -action) and T ⊂ V a o E -lattice. We write T for T /m E T , where m E is the maximal ideal of o E and T * : Hom(T, p ∞ ) for the Cartier dual of T . We will set 2r := [K : Q] dim E V (note by the self-duality of M that the quantity on the right is indeed even) and let S denote the finite set of places of K which consists of all primes above K, all archimedean places and all places at which V is ramified. We will assume throughout Section 3 that V is Panchishkin ordinary in the sense that for each prime p of K above p, the following three conditions hold true:
(HP0) There is a direct summand F 
for every prime p above p, and by setting H
Under the hypothesis (H.nA) (and the self-duality assumption on T ), it follows that
is a free Λ-module of rank 2r and
is a direct summand of rank r. We fix a direct summand
We will write
under pr 0 and also denote the Selmer group determined by the propagation of the Selmer structure
of rank r + 1 (thanks to our hypothesis H.nA). Using the fact that F Gr is self-dual, this determines (via local Tate duality) a direct summand
(K p , T ) of rank r − 1 and allows us to define a Selmer structure F − on T (which is given by the local conditions determined by
at p, and by propagating of F Gr at any other place).
Definition 3.4. We define the F + by the local conditions
Given a Selmer structure F on T, we let χ(F , T) := χ(F , T ) denote the core Selmer rank (in the sense of [MR04, Definition 4.1.11]) of the propagation of the Selmer structure F to T . It follows from the discussion in [MR04, §4.1 and §5.2] that χ(F Λ , T) = r.
Proposition 3.5. We have χ(F Gr , T) = 0; whereas χ(F + , T) = 1.
Proof. These follow using global Euler characteristic formulae, together with the fact that χ(F Λ , T) = r. Definition 3.6. Given positive integers α and k, we let P k,α (respectively, P j ) denote the set of Kolyvagin primes for T k,α , as introduced in [Büy11, Section 2.4]. We set P := P 1,1 .
Given an integer j ≥ k + α, one may define the module KS(F + , T k,α , P j ) of Kolyvagin systems for the Selmer structure F + on the artinian module T k,α as in the paragraph following Definition 3.3 in [Büy11] (after replacing the Selmer structure F can by our more general Selmer structure F + ).
Definition 3.7. The Λ-module
is called the module of Λ-adic Kolyvagin systems. ) and (H.nA), the natural map KS(F + , T, P) → KS(F + , T , P) is surjective, the Λ-module KS(F + , T, P) is free of rank one and its generated by any Λ-adic Kolyvagin system whose projection to KS(F + , T , P) is non-zero.
Proof. This is the main theorem of [Büy11] ; one only needs to replace F can in loc. cit. with F + (but that entails no complications).
Remark 3.9. When T = T p (E) is the p-adic Tate module of an elliptic curve E/Q, the hypothesis (H.Tam) is equivalent to the requirement that p does not divide ord ℓ (j(E)) whenever ℓ is a prime of split multiplicative reduction. Still when T = T p (E), the hypothesis that H 2 (Q p , T ) = 0 is equivalent to the requirement that E(Q p )[p] = 0. This is precisely the condition that the prime p be nonanomalous for E in the sense of [Maz72] . It is easy to see that all primes p > 5 at which
• either E has supersingular reduction, • or non-split-multiplicative reduction, • or split-multiplicative reduction with p > 7, • or good ordinary reduction with a p (E) = 1, • or for elliptic curves which possess a non-trivial Q-rational torsion are non-anomalous.
In our supplementary note [Büy15, Appendix A], we are able to lift the non-anomaly hypothesis on T p (E) and prove the following in this setting: Theorem 3.10. Suppose that E is an elliptic curve such that the residual representation
is surjective. Assume further that p does not divide ord ℓ (j(E)) whenever ℓ | N is a prime of split multiplicative reduction. Then, i) the Λ-module KS(T p (E)) of Λ-adic Kolyvagin systems contains a free Λ-module of rank one with finite index; ii) there exists a Λ-adic Kolyvagin system κ κ κ ∈ KS(T p (E)) with the property that pr 0 (κ κ κ) ∈ KS(T p (E)) is non-zero.
Let res +/f denote the compositum of the arrows
Definition 3.11. Given a Λ-adic Kolyvagin system ∈ KS(F + , T, P) for which 1 = 0, we define its defect by setting
Observe that δ( ) ⊂ Λ thanks to the general Kolyvagin system machinery. Whenever res +/f ( 1 ) = 0, we also define the Kolyvagin constructed p-adic L-function
. Note in this case (using Poitou-Tate global duality) that the defect of is given as the Example 3.13. Suppose E/Q is an elliptic curve and T = T p (E). Let BK ∈ KS(F Λ , T) denote the Λ-adic Kolyvagin system associated to E, that descend from the BeilinsonKato elements via [MR04, Theorem 5.3.3]. It follows from Theorem 2.3 (in all cases that it applies), δ( κ ) is generated by a power of p and in particular, it is prime to (γ − 1).
Recall the direct summand H
(K p , T ) of rank r −1 and define the map res f /− as the compositum of the arrows 
(a) For any non-trivial ∈ KS(F + , T, P), we have 1 = 0. (b) For any whose defect δ( ) is prime to (γ − 1), we have κ 1 = 0.
ii) Conversely, if κ 1 = 0 for some κ ∈ KS(F + , T, P), then the map res f /− is injective.
See the discussion in Remark 3.15 and Conjecture 3.16 pertaining to the injectivity of the map res f /− .
Proof. The requirement that the map res f /− be injective is equivalent to asking that ] that for every non-trivial Kolyvagin system κ ∈ KS(F + , T, P), we have κ 1 = 0 for its initial term. Theorem 3.8 shows that κ lifts to a Λ-adic Kolyvagin system ∈ KS(F + , T, P), and we have 1 = 0 (as we have pr 0 ( 1 ) = κ 1 = 0). Since the Λ-module KS(F + , T, P) is cyclic and H 1 (K, T) is torsin-free under our running assumptions, (a) follows.
Let now be a Λ-primitive Kolyvagin system (such exists and generates the module KS(F + , T, P) by Theorem 3.8). Let g ∈ Λ be such that = g · . It follows from [MR04, Theorem 5.3.10(iii)] and the choice of that g is prime to (γ − 1). Furthermore, since pr 0 ( 1 ) = 0 by the discussion above, it follows that κ 1 = pr 0 (g) · pr 0 ( 1 ) = 0. This completes the proof of (b).
To prove (ii), note that H 
This is precisely what we desired to prove.
Remark 3.15. For T = T p (E) for an elliptic curve as in Example 3.13 above, the res f /− in the statement of Theorem 3.14 is simply the localization map at p. It is easy to see using the work of Gross-Zagier, Kolyvagin and Skinner (under additional mild hypothesis) that this map is injective if and only if r an (E) = 1. In particular, Perrin-Riou's conjecture in this set up follows from Theorem 3.14 and the discussion in Example 3.13.
The discussion in Remark 3.15 leads us to the following prediction:
Conjecture 3.16. There exists a choice of the direct summand H 1 + (K p , T) such that the map res f /− is injective iff r an (M ) ≤ 1.
3.3.
Example: Perrin-Riou's conjecture for Beilinson-Flach elements. Let E/Q be a non-CM elliptic curve with conductor N and let f E ∈ S 2 (Γ 0 (N)) denote the associated newform. Assume that the residual representation ρ E : G K → Aut(E[p]) is absolutely irreducible and suppose that E has good ordinary reduction at the prime p. Fix an embedding ι p : Q → C p . Suppose K is an imaginary quadratic extension of Q that satisfies the weak Heegner hypothesis for E, so that the order of vanishing r an (E/K) := ord s=1 L(E/K, s) is odd. Suppose further that p does not divide ord ℓ (j(E)) whenever ℓ|N is a prime of split multiplicative reduction.
We will assume throughout this subsection that the prime p splits in K and write p = ℘℘ c as a product of primes of K, where the prime ℘ is induced from ι p . Fix forever an auxiliary modulus f of K which is prime to p and the ray class group of K modulo f is prime to p. Fix also a ring class character α modulo fp ∞ of finite order, for which we have α(℘) = α(℘ c ). We let o denote the finite flat extension of Z p in which α takes its values and write T = T p (E) ⊗ α −1 for the free o-module of rank 2 on which G K acts diagonally. Set D(T ) := Hom(T, o)(1) ∼ = T p (E) ⊗ α. Let F + T ⊂ T denote the Greenberg subspaces of T ; this is a free o-module of rank one such that the G Qp -action on the quotient T /F + T is unramified.
In this set up, one may define the Greenberg Selmer structure F Gr on T as above, as well as modify this Selmer structure appropriately to apply Theorem 3.8.
Definition 3.17. We define the Selmer structure F + on T by relaxing the local conditions at the prime ℘. 
In this particular situation, the map res f /− is simply the map 
Proof. Let V p (E) := T p (E) ⊗ Q p and V := T ⊗ Q p . We let M denote the finite abelian extension of K that is cut by α. Note that we have
where the first arrow follows from the inflation-restriction sequence and the rest are selfevident. It follows from [How09] and (a mild extension of) the main results of [How04] that
where for an abelian group X, we write
. We therefore have the following commutative diagram
The left-most arrow is evidently injective (as its source is spanned by an M-rational point) and hence, the right-most arrow is injective as well.
The following statement is the Perrin-Riou conjecture for Beilinson-Flach elements.
Corollary 3.19. Assume that the residual representation ρ E (afforded by E[p]) is absolutely irreducible. Suppose also that there exists a rational prime q ∈ S which does not split in K/Q and ρ E is ramified at q. If r an (E, α) = 1, then res ℘ (BK 1 ) is non-zero.
Proof. The main theorem in [Wan14a] (which applies in our set up) shows that the defect δ( BF ) of the Beilinson-Flach Kolyvagin system is prime to (γ − 1) and the proof follows from Theorem 3.14(i) and Proposition 3.18.
3.4. CM Abelian Varieties and Perrin-Riou-Stark elements. Let K be a CM field and K + its maximal totally real subfield that has degree g over Q. Fix a complex conjugation c ∈ Gal(Q/K + ) lifting the generator of Gal(K/K + ). Fix forever an odd prime p unramified in K/Q and an embedding ι p : Q ֒→ Q p .
3.4.1. CM types and p-ordinary abelian varities. Fix a p-ordinary CM-type Σ; this means that the embeddings Σ p := {ι p • σ} σ∈Σ induce exactly half of the places of K over p. Identify Σ p with the associated subset of primes
p is the set of all primes of K above p. It follows that there then exists an abelian variety that has CM by K and has good ordinary reduction at p, and its CM-type is Σ. Fix such an abelian variety A and assume that the index of the order End K (A) inside the maximal order O K is prime to p. We will assume that A is principally polarized and that K contains its reflex field of the CM pair (K, Σ). Let A = A /o K denote the Néron model of A.
Grössencharacters of CM abelian varieties.
The p-adic Tate-module T p (A) of A is a free Z p -module of rank 2g on which G K acts continuously. As explained in the Remark on page 502 of [ST68] , T p (A) is free of rank one over O K ⊗Z p = q o q , where the product is over the primes of K that lie above p and o q stands for the valuation ring of K q . We thus have a decomposition
It follows from [Rib76, §2] that each ψ q is surjective for p large enough; we fix until the end a prime p satisfying this condition. We thence obtain a decomposition
where V σ q is the one-dimensional Q p -vector space on which G K acts via the character ψ σ q , which is the compositum
Fix embeddings j ∞ : Q ֒→ C and j p : Q ֒→ C p extending ι p . We write S = Σ ∪ Σ c for the set of all embeddings of K into Q. Theory of CM associates a Grössencharacter character : A K /K × −→ K × , to A, which in turn induces Hecke characters
as well as gives rise to its p-adic avatars and T := o(ψ * ); note that we have
(where ̟ ∈ m L is a uniformizer). In this situation, our non-anomaly hypothesis (H.nA) translates into the requirement that (3.1)
A(K q )[̟] = 0 for every prime q of K above p which we assume throughout this subsection.
We assume in addition that A arises as the base-change of an abelian variety (which we still denote by A, by slight abuse) that has real multiplication by K + . This condition implies that is self-dual, in the sense that for each τ ∈ S there is a functional equation with sign ǫ( /K) = ±1 (that does not depend on the choice of τ ) relating the value L(s, ψ τ ) to the value L(1 − s, ψ τ ).
We let P = pp c denote the prime of K + below the prime ℘ we have fixed above and let ̟ := ̟̟ c ∈ K +,P be a uniformizer. We write T P (A) := lim ← − A[̟ n ] for the P-adic Tate module of A and set T P (A) := T P (A) ⊗ Λ. By the theory of complex multiplication and our assumption on A, we have T P (A) = Ind K/K + T . For every prime Q of K + above p, we have a p-ordinary filtration F + Q T P (A) ⊂ T P (A) (that also gives rise to the filtration F
We finally let φ denote the Hilbert modular CM form of weight two associated to φ ǫ , L(φ, s) the associated Hecke L-function and r an (φ) the order of vanishing at the central critical point s = 1. In what follows, we write Λ o in place of Λ ⊗ o.
3.4.3.
Perrin-Riou-Coleman maps and Selmer structures. We introduce the Selmer structures we shall apply our theory in Section 3.2 with.
Definition 3.20. We define the Greenberg-submodule
The semi-local Shapiro's lemma induces an isomorphism (3.2) sh :
under which A) ) denote the Dieudonné module of T P (A) considered as a G K +,℘ -representation. As explained in [BL15a] , we may (and we will) think of this as an o-module of rank 2f ℘ (where f ℘ = [K +,℘ : Q p ]). We also let
the Bloch-Kato dual exponential map,
the inverse of the Bloch-Kato exponential map and A) ) −→ o the canonical perfect pairing induced from the Weil-pairing (thanks to which we have an identification A) ) on which the crystalline Frobenius ϕ acts with slope −1 and let
denote a fixed basis corresponding (under the comparison isomorphism) to the Néron differential 6 on A. Since we have
we may choose a basis
, where δ i,j is the Kronecker-delta. Let ω denote the collection {ω ℘ } ℘ | p of these distinguished bases. The pairing (3.3) induces a commutative diagram
which in turn allows us to associate each ω j,℘ ∈ D ℘ (T P (A)) [−1] a map (which we still denote by the same symbol) ω j,℘ :
With a slight abuse, we also write ω for the map
Theorem 3.21 (Perrin-Riou, [PR94] ). There exists a Λ o -equivariant map
which interpolates (in a sense we will not make precise here) the dual exponential maps along the cyclotomic Iwasawa tower. Furthermore, the kernel of the map L (℘) ω is precisely the Greenberg submodule H 1 Gr (K +,℘ , T P (A)) and it is pseudo-surjective. Proof. To simplify notation, we shall write V in place of A) ) ⊗ Q p and finally Φ in place of K +,℘ . Only in this proof, let us also write Λ for Λ o . We recall once again that Φ/Q p is unramified.
denote Perrin-Riou's ring of distributions. Then Perrin-Riou's original construction yields a map 
This is a top degree invariant form on a Néron model of A and as such, does only determine the top-degree exterior product ∧ω
We remark that we may take the right vertical arrow to be the identity map since the Hodge-Tate weights of V are 0 and 1, and since
thanks to our assumption (3.1). A suitable p-power multiple of the compositum of the arrows
is the map we denote by L 
⊕f℘ is surjective and the portion concerning the image of L (℘) ω also follows.
We shall write L
for the map
ω by omitting the summand in the target which corresponds to ω i,℘ . Finally, we set
and as well last the dimension of the abelian variety g. We note that ker (L ω ) = H 1 Gr (K +,p , T P (A)).
Definition 3.22. We fix a prime Q of K + above p, as well as an integer 1 ≤ i ≤ f Q . We define the map
) under Shapiro's morphism sh. We define the Selmer structure F + on T by the requiring that
In this situation, Theorem 3.8 applies since we assumed (3.1). Furthermore, if we assume the truth of Perrin-Riou-Stark Conjecture proposed in [BL15a] (which is a slightly strong form of Rubin-Stark conjectures) as well as Leopoldt's conjecture for all subextensions of K(A[̟])/K, we may obtain a natural generator of this module using the main results of [Büy14a, BL15a] ; this is what we explain in the next paragraph.
3.4.4. The Coleman-Rubin-Stark element. Let K cyc = KQ ∞ denote the cyclotomic Z pextension of K. Since we assumed that p is unramified in K/Q, we may canonically identify Γ with Gal(K cyc /K). Let K ∞ denote the maximal Z p -power extension of Kand Γ K = Gal(K ∞ /K) its Galois group over K.
Let ω ψ denote the character of G K giving its action on A[̟ E ]; it is the unique character of G K which has the properties that the character ψ := ψω −1 ψ factors through Γ K and that it is trivial on
, where the projective limit is over all finite sub-extensions of K ∞ /K. Assume the truth of the Perrin-Riou-Stark Conjecture 4.14 in [BL15a] (with the Dirichlet character ω ψ ) and let
denote the element whose existence is predicted by the said conjecture. As in Definition 4.16 of loc. cit., we may twist this element to obtain the twisted Perrin-Riou-Stark elements S ∞ ∈ ∧ g H 1 ∞ (K, T ) as well as their projections
(where we denote the image of S cyc under the isomorphism above still by the same symbol). We finally set
Theorem 3.23. There exists a generator CRS (the Coleman-adapted Rubin-Stark Kolyvagin system) of the free Λ-module KS(F + , T, P) whose initial term κ
has the following property:
Proof. This is precisely the content of Theorem A.11 and Proposition A.8 of [BL15a] (except that for our purposes, it is sufficient to restrict our attention to the case when Λ in loc. cit. has also Krull dimension 2). In order to apply these results, we simply choose L ω in place of Ψ and the summand in the target of L (Q) ω that corresponds to ω i,Q in place of L(1) in loc. cit. Note in this case that the Selmer structure F + above corresponds to the Selmer structure denoted by F L in loc. cit.
Definition 3.24. We let C ∞ ∈ H 1 F + (K + , T P (A)) denote the element that corresponds to κ CRS 1 under the isomorphism sh and let C ∈ H 1 F + (K + , T P (A)) (that we call the ColemanRubin-Stark class) its obvious projection.
The following follows as an immediate consequence of Theorem 3.14 and Theorem 3.23: Likewise, a Grössencharacter is called Σ-critical if its infinity type equals the expres-
Let O denote the p-adic completion of the maximal unramified extension of Q p . Let Γ K denote the Galois group of the maximal Z p -power extension of K. By class field theory, note that we have
, where δ is Leopoldt's defect (which equals zero whenever we assume Leopoldt's conjecture).
The following statement was proved by Hida and Tilouine in [HT93] , extending a previous construction due to Katz. In our discussion below, we will mostly stick to the exposition in [Hsi14] and we shall rely on Hsieh's notation (except perhaps minor alterations). Let f ⊂ o K denote the conductor of .
) is a product of primes that split (resp., that remain inert or ramify) over K + . The following is Proposition 4.9 in [Hsi14] . 
p-adic L-function) that is uniquely determined by the following interpolation property on the p-adic avatars
where the equality takes place in ι p (Q) S and where In particular, when the Grössencharacter has infinity type Σ (so that m 0 = 1 and d = 0) and conductor f, the interpolation formula simplifies to
p along the character (where is the Grössencharacter associated to A) the -branch of L Σ p . In more concrete terms we have
for every character χ of finite order.
Recall the p-adic Hecke character ψ we have fixed above, which is associated to our choice of ǫ ∈ Σ (and fixed embeddings j ∞ and j p ). We will fix the modulus f to be chosen as the conductor of ψ.
Corollary 3.28. For every character χ of Γ K of finite order we have,
where E (χψ) := t · E p (χψ) · E f + (χψ) is a product of Euler factors up to an explicit power of 2.
Remark 3.29. Note that the Euler like factors 1 − χ ǫ ψ ǫ (℘) are equal to 1 so long as χ is not the trivial character. Definition 3.31. Let n be a positive integer and z = {z n } ∈ H 1 (K + , T P (A)) be an arbitrary element and let χ be a primitive character of Γ n . Fix a prime ℘ of K + lying above p. Set K + n := K + Q n and denote by ℘ n the unique prime of K
where τ (χ) is the Gauss sum and
is the dual exponential map. On fixing an ordering of primes of K + above p, we let R χ (z, ω, χ) denote the 1 × g matrix given by
We remark that this definition actually depends only on the element ∧ω * (that corresponds to a Néron differential on A) and not the choice of a basis that represents this differential.
We propose the following explicit reciprocity conjecture for the twisted Perrin-RiouStark element
) as a natural extension of Coates-Wiles explicit reciprocity law for elliptic units.
Conjecture 3.32. There exists a choice of a Néron differential on A so that we have
Whenever we assume the truth of Conjecture 3.32, we shall implicitly assume also that we are working with a basis ω as comes attached to the appropriate choice of a Néron differential. 
Proof. This follows at once making use of the displayed equation (5) in [BL15b] .
3.4.6. Perrin-Riou's conjecture for CM abelian varieties. We may finally turn our attention to Conjecture 3.16 in this set up. We will assume until the end of Section 3.5 that there exists a degree one prime of K + above p (mostly for brevity; we expect that one should be able to get around of this assumption with more work) and we choose the prime Q above that we work with as this prime of degree one. Note in this case that i = f Q = 1 and also that
Also in this situation, note that the set ω Q is a singleton, and by slight abuse, we denote its only element also by ω Q .
Definition 3.34. We let 
and it is evidently injective. The proof follows by Corollary 3.25.
In what follows, we let D P (A) be a shorthand for the Dieudonné module of the G K +,Qrepresentation V P (A). Observe that K +,Q = Q p thanks to our choice of Q.
Theorem 3.37. The Explicit Reciprocity Conjecture 3.32 implies the "only if " portion of Conjecture 3.16 whenever the p-adic height pairing of Definition 3.34 is non-zero, p is prime to
Proof. By Corollary 3.25, we may assume that the Coleman-Rubin-Stark element S is non-trivial and given that, we contend to prove that r an (φ) ≤ 1 in our set up. As above, let ω A denote a Néron differential on A and let
denote the element that corresponds to ω A under the comparison isomorphism. Let 
, where α is the p-unit eigenvalue for ϕ acting on D P (A). Note that α = 1 by assumption. Case 1. res /f (C) = 0. Under our running hypotheses, it follows from Corollary 3.33 and (3.4) that 1(L Σ cyc ) = 0. The interpolation property for this p-adic L-function now shows that r an (φ) = 0. Case 2. res /f (C) = 0. This means that S ∈ H 1 f (K + , T P (A)) and in turn, also that
It follows by Theorem 3.23 that 1(L Σ cyc ) = 0 and the interpolation formula shows (as non of the Euler-like factors in its statement vanish) that L(1/2, ψ ε ) = 0 . In this case, the discussion in [Nek06, §11.3.14] applies and allows us to construct the derivative dS ∞ ∈ H 1 /f (K +,Q , T P (A)) of the class S ∞ (our element dS ∞ corresponds to the image of the element (Dx Iw ) Q in loc. cit. under the cyclotomic character).
It then follows from Nekovář's Rubin-style formula [Nek06, Proposition 11.3.15] (also, his p-adic height compares via §11.3 to those introduced by Perrin-Riou) and shows that (3.5)
For c ∈ H 1 f (K +,Q , T P (A)), let us define log ω (c) ∈ L so that log A,Q (c) = log ω (c) · ω Q . Combining (3.4), (3.5), Corollary 3.33 and the defining property of the Coleman-RubinStark elements in Theorem 3.23, we conclude that
Here, L Σ cyc
is the derivative of the cyclotomic restriction of the Katz' p-adic L-function, along the cyclotomic character. By our assumption that the p-adic height pairing is non-vanishing, it follows that
The Kolyvagin system method (applied with the Kolyvagin system , we conclude that there exists a non-trivial Heegner point P ∈ A(F ). The main results of [YZZ13] implies that r an (φ F ) = 1, which in turn shows that r an (φ) = 1 as well.
3.5. Logarithms of Heegner points and Perrin-Riou-Stark elements. We continue with our discussion on CM abelian varieties and our aim in this subsection is to compare the Bloch-Kato logarithm of the Coleman-Rubin-Stark element C to the square of the logarithm of a global point on our abelian variety up to a non-zero algebraic factor. This is a generalized form of Perrin-Riou's predictions for elliptic curves (and BeilinsonKato elements) that we revisited in Section 2.3 below in the context of elliptic curves defined over Q.
Throughout this section, we assume that r an (φ) = 1. We also keep working with our assumptions and conventions we have set at the start of Sections 3.4.1, 3.4.4, 3.4.6 and throughout Section 3.4.2.
We fix a quadratic and purely imaginary extension E of K + such that the relative discriminant ∆ E/K + is totally odd and relatively prime to D K + Np (where D K + is the discriminant of K + /Q). We let η = η E/K + the quadratic character associated to E/K + . Let N denote the level of the normalised new Hilbert eigenform φ of weight 2 and suppose that η(N) = (−1) g−1 . Let φ η denote the twisted weight 2 form, and suppose that r an (φ η ) = 0. We note that there are infinitely many choices for the field E simultaneously verifying all these conditions (thanks to [FH95] ); we pick one. The work of Yuan-ZhangZhang [YZZ13] applies in this situation and equips us with a Heegner point P φ ∈ A(K + ).
Also in this case, the work of Manin, Dabrowski, Dimitrov and Januscewski associates the p-ordinary stabilisation of φ a p-adic L-function L p (φ, ·) ∈ Λ o which is characterized and a q (φ) the p-unit root of the Hecke polynomial at q ;
• Ω + φ is the real period defined by Shimura and Yoshida [Yos95] . There is likewise a p-adic L-function L p (φ η , ·) associated to a p-ordinary stabilisation of the twisted form φ η (and a corresponding real period Ω + φη ) as well as a p-adic L-function L p (φ E , ·) ∈ Λ o attached (by Panchishkin, Hida and Disegni) to the base change φ E . The Artin formalism yields a factorization (3.8)
for every character χ as above, where Ω φ = (8π) 2 φ, φ N is the Shimura period. We remark that the ratio Ω + φ Ω + φη /Ω φ is always an algebraic number (that in fact belongs to the field generated by Hecke traces). Set C(φ, E, ǫ) := E f + (ψ ǫ )
· L(φ η , 1)
where E p (ψ ǫ ) is as above and is a product of certain modified root numbers at the primes above p (and they are given as in [BD15b, Section 2.3]).
Theorem 3.38. log ω (C) = (1 − 1/α) −1 (1 − α/p) · C(φ, E, ǫ) · log ω (P φ ) 2 .
Proof. We start observing that
where the first equality on the first line is because H 1 f (K + , T P (A)) has rank one by the proof of Theorem 3.35 and ·, · / log ω (·) 2 is a non-trivial quadratic form on this space (thanks to our assumption that the p-adic height pairing is non-zero); the second equality on the first line is (3.6) and finally, the equality on the second line follows from the Claim below. Indeed, the factor E f + (χ ǫ ψ ǫ ) χ(D K + ) that appear in the statement of Claim varies analytically in χ and tend to E f + (ψ ǫ ) as χ tends to the trivial character 1.
We therefore conclude that, (3.9) L ′ p (φ, 1) P φ , P φ = E f + (ψ ǫ ) −1 (1 − 1/α)(1 − α/p) −1 Ω ∞ (ǫ) Ω + φ log ω (C) log ω (P φ ) 2 .
On the other hand,
where the first equality follows from the factorization (3.8) of the base-change p-adic L-function, the second from the interpolation formula for the twisted p-adic L-function and the last from the p-adic Gross-Zagier formula of Disegni [Dis15b, Theorem B] . Using (3.9) together with (3.10), we conclude that
and the proof follows.
Claim. For all sufficiently ramified characters χ of Γ the following identity holds:
Proof. This will follow once we match the interpolation factors in Corollary 3.28 for L Σ cyc (χ) and (3.7) for L p (φ, χ −1 ). More precisely, we would like to verify that E p (χ ǫ ψ ǫ ) equals τ (χ) N(f χ ) 1/2 α −1 fχ for all sufficiently ramified characters χ. The proof of this claim is essentially contained in [BD15b, Section 2.3] (although we also rely on Hsieh's exposition in [Hsi14, Section 4.7]), we provide an outline here for the sake of completeness. For all such χ, the local L-factors are trivial and by Tate's local functional equation, it follows that
where τ (ψ ǫ,℘ χ ǫ,℘ , Ψ ℘ ) are the Gauss sums which are (un)normalized as in [Dis15b] and Ψ ℘ are a suitably determined local additive characters. Let α P be the local character of K × +,P such that the local constituent of φ at P = ℘℘ c is the irreducible principal series π(α P , β P ) for some other local character β P . Then τ (ψ ǫ,℘ χ ǫ,℘ , Ψ ℘ ) = τ (α P χ ǫ,P , Ψ P ), where we write χ ǫ,P for the local character χ ǫ,℘ of K × +,P = K × ℘ and we similarly define the additive character Ψ P . We therefore infer that E p (χ ǫ ψ ǫ ) = P|p τ (α P χ ǫ,P , Ψ P ) .
The τ (χ) of [Dis15a] is precisely the normalization of P|p τ (χ P , Ψ P ), so that τ (χ) N(f χ ) 1/2 = P|p τ (χ ǫ,P , Ψ P ) .
Finally, as explained in the proof of Lemma A.1.1 of [Dis15b] we have τ (χ ǫ,P , Ψ P ) = a q (φ) vq(fχ) τ (α P χ ǫ,P , Ψ P ) and hence, 
